Abstract. Let R = α∈Γ Rα be a graded integral domain graded by an arbitrary grading torsionless monoid Γ, and ⋆ be a semistar operation on R. In this paper we define and studied the graded integral domain analogue of ⋆-Nagata and Kronecker function rings of R with respect to ⋆. We say that R is a graded Prüfer ⋆-multiplication domain if all nonzero finitely generated homogeneous ideal of R is ⋆ f -invertible. Using ⋆-Nagata and Kronecker function rings, we give several different equivalent conditions to be a graded Prüfer ⋆-multiplication domain. In particular we give new characterizations for a graded integral domain, to be a PvMD.
Introduction
Let R = α∈Γ R α be a graded (commutative) integral domain graded by an arbitrary grading torsionless monoid Γ, that is Γ is a commutative cancellative monoid (written additively). Let Γ = {a − b|a, b ∈ Γ}, be the quotient group of Γ, which is a torsionfree abelian group.
Let H be the saturated multiplicative set of nonzero homogeneous elements of R. Then R H = α∈ Γ (R H ) α , called the homogeneous quotient field of R, is a graded integral domain whose nonzero homogeneous elements are units. For a fractional ideal I of R let I h denote the fractional ideal generated by the set of homogeneous elements of R in I. It is known that if I is a prime ideal, then I h is also a prime ideal (cf. [29, Page 124] ). An integral ideal I of R is said to be homogeneous if I = α∈Γ (I ∩ R α ); equivalently, if I = I h . A fractional ideal I of R is homogeneous if sI is an integral homogeneous ideal of R for some s ∈ H (thus I ⊆ R H ). For f ∈ R H , let C R (f ) (or simply C(f )) denote the fractional ideal of R generated by the homogeneous components of f . For a fractional ideal I of R with I ⊆ R H , let C(I) = f ∈I C(f ). For more on graded integral domains and their divisibility properties, see [3, 29] .
Let R = α∈Γ R α and N v (H) = {f ∈ R|C(f ) v = R}. (Definitions related to the v-operation will be reviewed in the sequel.) Then N v (H) is a saturated multiplicative subset of R by [4, Lemma 1.1 (2) ]. The graded integral domain analogue of the well known Nagata ring is the ring R Nv (H) . In [4] , Anderson and Chang, studied relationships between the ideal-theoretic properties of R Nv(H) and the homogeneous ideal-theoretic properties of R. For example it is shown that if R has a unite of nonzero degree, P ic(R Nv(H) ) = 0 and that R is a PvMD if and only if each ideal of R Nv(H) is extended from a homogeneous ideal of R, if and only if R Nv (H) finitely generated homogeneous ideal I of R, I is ⋆ f -invertible if and only if, IR N⋆(H) is invertible.
Proof. Let I be nonzero finitely generated homogeneous ideal of R, such that I is ⋆ f -invertible. Let QR N⋆(H) ∈ Max(R N⋆(H) ), where Q ∈ h-QMax ⋆ (R) by Lemma 2.7(2). Thus by [22, Theorem 2.23 ], (IR N⋆(H) ) QR N⋆ (H) = IR Q is invertible (is principal) in R Q . Hence IR N⋆(H) is invertible by [23, Theorem 7.3] . Conversely, assume that I is finitely generated, and IR N⋆(H) is invertible. By flatness we have
Corollary 2.11. Let R = α∈Γ R α be a graded integral domain, and ⋆ be a semistar operation on R such that R ⋆ R H , with property (# ⋆ ) and 0 = f ∈ R. Then the following conditions are equivalent:
Proof. Exactly the same as [4, Corollary 1.9].
Let Z be the additive group of integers. Clearly, the direct sum Γ⊕ Z of Γ with Z is a torsionless grading monoid. So if y is an indeterminate over R = α∈Γ R α , then R[y, y −1 ] is a graded integral domain graded by Γ ⊕ Z. In the following proposition we use a technique for defining semistar operations on integral domains, due to Chang and Fontana [9, Theorem 2.3].
Proposition 2.12. Let R = α∈Γ R α be a graded integral domain with quotient field K, let y, X be two indeterminates over R and let ⋆ be a semistar operation
and take the following subset of Spec(T ):
and:
(a) The mapping ⋆′ :
′ is the set of nonzero homogeneous elements of T , and ⋆′ sends homogeneous fractional ideals to homogeneous ones.
−1 ] and we are done. So suppose that P / ∈ h-QMax
Suppose Q is not a quasi-t-maximal ideal of T , and let M be a quasi-t-maximal ideal of T which contains Q. Since the containment is proper, we
, where the second equality is by (f). Thus using (a) and (b), we obtain (
It is known that P ic(D(X)) = 0 [1, Theorem 2]. More generally, if * is a star operation on D, then P ic(Na(D, * )) = 0, [26, Theorem 2.14] . Also in the graded case it is shown in [4, Theorem 3.3] , that P ic(R Nv(H) ) = 0, where R = α∈Γ R α is a graded integral domain containing a unit of nonzero degree. We next show in general that P ic(R N⋆(H) ) = 0. Theorem 2.13. Let R = α∈Γ R α be a graded integral domain with a unit of nonzero degree, and ⋆ be a semistar operation on R such that R
Proof. Let y be an indeterminate over R, and T = R[y, y −1 ]. Using Proposition 2.12(e) and (g) and Lemma 2.7, we deduce that Max(T N⋆′(H) ) = {QT N⋆′(H) |Q ∈ h-QMaxTheorem 32.7]) of R with respect to * is defined by Kr(R, * ) := f g f, g ∈ R, g = 0, and C(f ) ⊆ C(g) * in [4] . The following lemma is proved in [4, Theorems 2.9 and 3.5], for an e.a.b. star operation * . We need to state it for e.a.b. semistar operations. Since the proof is exactly is the same as star operation case, we omit the proof.
Lemma 3.1. Let R = α∈Γ R α be a graded integral domain, ⋆ an e.a.b. semistar operation on R, and
Inspired by the work of Fontana and Loper in [20] , we can generalize this definition of Kr(R, ⋆) to all semistar operations on R which send homogeneous fractional ideals, to homogeneous ones, provided that R has a unit of nonzero degree. Before doing that we need a lemma.
Lemma 3.2. Let R = α∈Γ R α be a graded integral domain, ⋆ a semistar operation on R which sends homogeneous fractional ideals to homogeneous ones. Suppose that a ∈ R is homogeneous and B, F ∈ f (R), with B homogeneous and
Proof. Suppose that F is generated by y 1 , · · · , y n ∈ R H . Let y i = t ij be the decomposition of y i to homogeneous elements for i = 1, · · · , n. Then
⋆ is homogeneous we have at ij ∈ ( t ij B) ⋆ . Let T be the fractional ideal of R, generated by all homogeneous elements t ij . So that aT ⊆ (BT ) ⋆ and T ∈ f (R) is homogeneous.
graded integral domain with a unit of nonzero degree, ⋆ a semistar operation on R which sends homogeneous fractional ideals to homogeneous ones, and
Proof. It it clear from the definition that Kr(R, ⋆) = Kr(R, ⋆ f ). Thus using LemmaLet R = α∈Γ R α be a graded integral domain, ⋆ be a semistar operation on R, H be the set of nonzero homogeneous elements of R, and N ⋆ (H) = {f ∈ R|C(f ) ⋆ = R}. In this section we define the notion of graded Prüfer ⋆-multiplication domain (graded P⋆MD for short) and give several characterization of it.
We say that a graded integral domain R = α∈Γ R α with a semistar operation ⋆, is a graded Prüfer ⋆-multiplication domain (graded P⋆MD) if every finitely generated homogeneous ideal of R is a ⋆ f -invertible, i.e., (II −1 ) ⋆ f = D ⋆ for each finitely generated homogeneous ideal I of R. It is easy to see that a graded P⋆MD is the same as a graded P⋆ f MD by definition, and is the same as a graded P ⋆MD by [22, Proposition 2.18] . When ⋆ = v we recover the classical notion of a graded Prüfer v-multiplication domain (graded PvMD) [2] . It is known that R is a graded PvMD if and only if R is a PvMD [2, Theorem 6.4] .
Also when ⋆ = d, a graded PdMD is called a graded Prüfer domain [4] . It is clear that every graded Prüfer domain is a graded PvMD and hence a PvMD. In particular every graded Prüfer domain is an integrally closed domain. Although R that (a, b) n = (a n , b n ) for each a, b ∈ H. (5) R is integrally closed and there exists an integer n > 1 such that a n−1 b ∈ (a n , b n ) for each a, b ∈ H.
Proof. The implications (1) ⇒ (2) ⇒ (3) and (4) 
(⇐) Let α ∈ H be a unit of nonzero degree. Assume that C(f )C(g) = C(f g) for all f, g ∈ R H . Hence R is integrally closed by [2, Theorem 3.7] . Now let a, b ∈ H be arbitrary. We can choose a positive integer n such that deg(a) = deg(α n b). , we see that (R H\P ) P R H\P = R P is a valuation domain.
(2) ⇒ (1) Let I be nonzero finitely generated homogeneous ideal of R. Then IR P is invertible in R P , hence II −1 R P = R P . Since II −1 is homogeneous, we have (IR H\P )(IR H\P ) 
) R is a graded P⋆MD. (2) R H\P is a graded Prüfer domain for each P ∈ h-QSpec ⋆ (R). (3) R H\P is a graded Prüfer domain for each
Proof. (2) ⇒ (3) is trivial, and, (2) ⇔ (4) and (3) ⇔ (5), follow from Lemma 4.3.
(1) ⇒ (2) Let I be nonzero finitely generated homogeneous ideal of R. Then I is ⋆-invertible. Therefore, for each P ∈ h-QSpec ⋆ (R), since II is invertible. Thus R H\P is a graded Prüfer domain for each P ∈ h-QSpec ⋆ (R). (3) ⇒ (1) Let I be a nonzero finitely generated homogeneous ideal of R. Suppose that I is not ⋆-invertible. Hence there exists P ∈ h-QMax ⋆ (R) such that II −1 ⊆ P . Thus R H\P = (IR H\P )(IR H\P ) −1 = II −1 R H\P ⊆ P R H\P , which is a contradiction. So that II 
Since R H\P has a unit of nonzero degree, Theorem 4.2 shows that R H\P is a graded Prüfer domain. Now Theorem 4.4, implies that R is a graded P⋆MD.
We now recall the notion of ⋆-valuation overring (a notion due essentially to P. Jaffard [25, (2) We have Corollary 19.7] . Therefore V is a ⋆-valuation overring of R by [18, Theorem 3.9] , and
In the following theorem we generalize a characterization of PvMDs proved by Arnold and Brewer (1) R is a graded P⋆MD.
(2) Every ideal of R N⋆(H) is extended from a homogeneous ideal of R. (3) Every principal ideal of R N⋆(H) is extended from a homogeneous ideal of
I ⋆ = I ⋆a for each nonzero homogeneous finitely generated ideal of R.
In particular if R is a graded P⋆MD, then R ⋆ is integrally closed.
Proof. By Proposition 2.3 and Theorem 3.3, we have Kr(R, ⋆) is well-defined and is a Bézout domain.
(1) ⇒ (2) Let 0 = f ∈ R. Then C(f ) is ⋆-invertible, because R is a graded P⋆MD, and thus f R N⋆(H) = C(f )R N⋆(H) by Corollary 2.11. Hence if A is an ideal of R N⋆(H) , then A = IR N⋆(H) for some ideal I of R, and thus A = ( f ∈I C(f ))R N⋆(H) .
(2) ⇒ (3) Clear. (1) ⇒ (4) Let A be a nonzero finitely generated ideal of R N⋆(H) . Then by Corollary 2.11, A = IR N⋆(H) for some nonzero finitely generated homogeneous ideal I of R. Since R is a graded P⋆MD, I is ⋆-invertible, and thus A = IR N⋆(H) is invertible by Lemma 2.10.
(4) ⇒ (5) Follows from Theorem 2.13. (5) ⇒ (6) Clearly R N⋆(H) ⊆ Kr(R, ⋆). Since R N⋆(H) is a Bézout domain, then Kr(R, ⋆) is a quotient ring of R N⋆(H) , by [23, Proposition 27.3] . If Q ∈ h-QMax ⋆ (R), then Q Kr(R, ⋆) Kr(R, ⋆). Otherwise Q Kr(R, ⋆) = Kr(R, ⋆), and hence there is an element f ∈ Q, such that f Kr(R, ⋆) = Kr(R, ⋆). Thus
Kr(R, ⋆), and so there is a maximal ideal M of Kr(R, ⋆) such that Q Kr(R, ⋆) ⊆ M . Hence M ∩ R N⋆(H) = QR N⋆(H) , by Lemma 2.7. Consequently R Q ⊆ Kr(R, ⋆) M , and since R Q is a valuation domain, we have
, and thus R Q = (R N⋆(H) ) QR N⋆ (H) is a valuation domain, since R N⋆(H) is a Prüfer domain by (4) . Hence R is a graded P⋆MD by Theorem 4.4.
(6) ⇒ (7) and (7) ⇒ (8) Let A be an ideal of R such that A Kr(R, ⋆) = Kr(R, ⋆). Then there exists an element f ∈ A such that f Kr(R, ⋆) = Kr(R, ⋆) using Theorem 3.3; so
Kr(R, ⋆), and since P 0 R N⋆(H) is a maximal ideal of R N⋆(H) , there is a maximal ideal M 0 of Kr(R, ⋆) such that
Let M 1 be a maximal ideal of Kr(R, ⋆), and let P 1 be a homogeneous maximal quasi-⋆-ideal of R such that M 1 ∩ R N⋆(H) ⊆ P 1 R N⋆(H) . By the above paragraph, there is a maximal ideal M 2 of Kr(R, ⋆) such that Kr(R, ⋆) M2 = (R N⋆(H) ) P1R N⋆(H) . Note that Kr(R, ⋆) M2 ⊆ Kr(R, ⋆) M1 , M 1 and M 2 are maximal ideals, and Kr(R, ⋆) is a Prüfer domain; hence M 1 = M 2 (cf. [23, Theorem 17.6 
(c)]) and Kr
(6) ⇒ (9) Assume that R N⋆(H) = Kr(R, ⋆). Let I be a nonzero homogeneous finitely generated ideal of R. Then by Lemma 2.9 and Theorem 3.3(3), we have
Let a and b be two nonzero homogeneous elements of R. Thus  ((a, b) 3
2 )R H\P for each homogeneous maximal quasi-⋆-ideal P of R. On the other hand R ⋆ = R ⋆a by (9 (1) R is a (graded) PvMD. (2) R H\P is a graded Prüfer domain for each P ∈ h-QMax t (R).
(3) R P is a valuation domain for each P ∈ h-QMax t (R). 
